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Abstract
In this paper, we prove that a 4-manifold topologically embeds into R7 if and only if its third normal
Stiefel–Whitney class vanishes. In particular, this shows that orientable 4-manifolds topologically embed
into R7 i.e. the hard Whitney embedding theorem holds in dimension 4 in the topological category. The
former generalizes the classical Hae0iger–Hirsch theorem to dimension 4 in the topological category
(Compare Fang, Topology 33 (1994) 447), and the latter answers an open problem in Kirby’s list
(Kirby, in W.H. Kozez (Ed.), Geometric Topology, Vol. 2, International Press, 1997, 35, Problem 4.19).
Comparing with our previous work (Fang, Topology 33 (1994) 447) we obtain in:nitely many simply
connected closed 4-manifolds that can be locally 0atly embedded in R7 but can not have normal bundles.
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1. Introduction
The classical hard Whitney theorem shows that orientable smooth n-manifolds embed into
the Euclidean space R2n−1 if n = 4. In [5], Hae0iger–Hirsch generalized this theorem by
proving that a smooth n-manifold embeds into R2n−1 if and only if its (n−1)th normal Stiefel–
Whitney class vanishes, provided n = 4. In [2] we extended this theorem to dimension 4 in the
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smooth category, which proved a conjecture posed by A. Hae0iger in 1970s Amsterdam topology
conference. Therefore, the hard Whitney theorem and the Hae0iger–Hirsch theorem both hold
in every dimension in the smooth category. The same results hold in the PL categroy [6]. It
has been an open problem whether this holds in the TOP category in dimension 4 (Problem
4.19 in Kirby’s list [9]).
In [2] we obtain the following result for topological embedding of 4-manifolds in R7. Here
we point out that, the phrase “locally 0at embedding” in that paper is not used accurately, it
should be replaced by “embedding with normal disk bundle”, which may be thought of as a
“globally 0at” embedding.
Theorem 1.1. Let M be a closed topological 4-manifold.
(i) If M is non-orientable; then M embeds into R7 with a normal disk bundle if and only
if its third normal Stiefel–Whitney class vanishes and the Kirby–Siebenmann invariant
ks(M) = 0.
(ii) If M is orientable; then M embeds into R7 with a normal disk bundle if and only if there
is a class x ∈ H 2(M)={torsion} such that x2 = (M) and x(mod 2) = v2(M); where (M)
is the signature of M and v2(M) the second Wu class.
Starting from this theorem, in this note we show that
Theorem 1.2. A closed 4-manifold topologically embeds into R7 if and only if its third normal
Stiefel–Whitney class vanishes. In particular, every orientable topological 4-manifold embeds
into R7.
As we pointed out above, this implies that the hard Whitney Theorem and Hae0iger–Hirsch
Theorem both hold in the topological category.
The following result gives a partial answer to the problem of deciding what happens when
we require embeddings to be locally 0at.
Theorem 1.3. Let M be a closed topological Spin 4-manifold. Then M embeds locally =atly
into R7.
It is well-known that there exist higher dimensional topological manifolds whose embeddings
in Euclidean space do not have normal bundles (c.f: [11]). By Freedman [4] every unimodular
even form can be realized as the intersection form of a simply connected Spin 4-manifold. By
comparing Theorem 1.1 and Theorem 1.3 it follows that
Theorem 1.4. Let M be a closed topological Spin 4-manifold. If the signature (M) = 0
(mod 16); then each locally =at embedding of M in R7 has no normal disk bundle. Hence
there are in?nitely many simply connected closed topological Spin 4-manifolds which can be
embedded locally =atly into R7 but can not be embedded so as to have a normal disk bundle.
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2. Proofs of Theorem 1.2 and Theorem 1.3
In this section, we shall prove Theorem 1.2 and Theorem 1.3 as announced above.
Proof of Theorem 1.2. Let M be a closed 4-manifold with third normal Stiefel–Whitney class
Rw3(M) = 0. Consider the connected sum M # RM , where RM = M if M is non-orientable and
otherwise RM is the manifold M with an opposite orientation. Obviously, M # RM has trivial
Kirby–Siebenmann invariant and inde:nite intersection form. By Theorem 1.1 it follows that
M # RM embeds into S7 with a normal disk bundle, D(). Let =|M−intD4 and V=S7−intD(). It
is easy to see that V is 2-connected. S3=@D4 lies in the boundary of V ; denote this embedding
by f : S3 → @V . Since @D4 = S3 bounds the manifold RM − intD4, f is null homologous in V
and so null homotopic by the Hurewicz isomorphism 3(V ) ∼= H3(V ). To embed M it suTces
to prove that f : S3 → @V can be extended to an embedding of D4 into V , so that D4 intersects
@V only on f(S3). In fact, since M = (M − intD4) ∪ D4 and M − intD4 is embedded in D(),
the required embedding can be obtained by joining this with the embedding of D4.
Obviously, V has a trivial Kirby–Siebenmann invariant. Thus, V has a PL-structure [10] and
the boundary @V has an induced PL-structure.
Recall that the embedding f : S3 → @V is locally 0at since it has a normal disk bundle. By
the Homma approximation theorem [7] (compare [12] page 251), the topological embedding f
can be approximated by a PL-embedding g : S3 → @V i.e. for any positive constant , there is
such an g so that d(f(x); g(x))6  for all x ∈ S3, where d is a metric on @V . Therefore, f is
isotopic to a PL-embedding g : S3 → @V by choosing suTciently small . On the other hand,
by the well-known Irwin’s embedding theorem [8], g extends to an embedding (usually not
locally 0at) of D4 into V such that the image of D4 intersects with @V on g(S3). By joining
this extension with the isotopy of f and g it follows that f extends to an embedding of D4
with the desired property. This completes the proof.
For codimension 2 locally 0at embeddings, by Freedman–Quinn [4] it follows that any co-
dimension 2 locally 0at embedding has a normal bundle. The following analogue of Cappell–
Shaneson’s theorem [1] holds in the topological catergory (compare [3]).
Theorem 2.1 (Cappell–Shaneson [1]). Let M be an oriented topological 4-manifold. Then M
embeds locally =atly into R6 if and only M is Spin and has trivial signature and trivial
Kirby–Siebenmann invariant.
Now we are ready to prove Theorem 1.3.
Proof of Theorem 1.3. Just as above, consider the connected sum M# RM , which is again a
Spin manifold with zero signature and zero Kirby–Siebenmann invariant. Therefore, by the
above theorem of Cappell–Shaneson, it follows that M# RM embeds into S6 with a trivial normal
bundle. Consider S6 as the boundary of a disk D7. The boundary S3 =@( RM − intD4) is a 3-knot
inside S6, which is unknotted by Stallings theorem [13]. In particular, it is a slice knot i.e. it
extends to a locally 0atly embedded D4 into D7. By putting this D4 onto M − intD4 as before
we get a locally 0atly embedding of M into D7. This completes the proof.
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